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A1MSs AND CONTENTS

In this course, crucial parts of the upcoming book Hopf algebras and root systems,
joint with Hans-Jiirgen Schneider, are presented. The main aim is to present a crite-
rion (Corollary 8.5), based on reflections, for finite-dimensionality of the Nichols al-
gebra of a semisimple Yetter-Drinfeld module, and to discuss the role of bosonization
and right coideal subalgebras for this criterion. As a side result, a parametrization
of the set of graded right coideal subalgebras of finite-dimensional Nichols algebras
in terms of morphisms of the Weyl groupoid is given.

(1) Yetter-Drinfeld modules and the functor 2 changing module and comodule
structures
(2) Braided Hopf algebras, gradings and Nichols systems
(3) Reflections of Nichols systems
(4) Right coideal subalgebras and their compatibility with reflections
(5) Tensor decompositions of Yetter-Drinfeld modules
(6) Excursion: Cartan graphs and their Weyl groupoids
(7) The semi-Cartan graph of a Nichols algebra
(8) The combinatorics of right coideal subalgebras
(9) Applications to Hopf algebras
Reflection is a tool for (braided) Hopf algebra triples. The theory is most efficient
if several Hopf algebra triples are available.

1. YETTER-DRINFELD MODULES

Yetter-Drinfeld modules appear naturally in the context of Hopf algebra triples.

Definition 1.1. Let H be a Hopf algebra with bijective antipode. A Yetter-
Drinfeld module V over H is a left H-module V with a left H-comodule structure
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0:V — H®V such that
5(hv) == h(l)v(_l)S(h(g)) ® h(g)v(o)
for all h € H, v € V, where §(v) = v_1) ® v(g).
Notation: YD = category of Yetter-Drinfeld modules over H.

Example 1.2. H = kG, the group algebra of a group GG. Then any H-comodule is
of the form

V — GagEG‘/g
with V, = {v € V | §(v) = g®@ v} for all ¢ € G. Moreover, V € ZYD for an
H-module H-comodule V' if and only if AV, = Vj,4-1 for all g,h € G.

Until the end of the script let H be a Hopf algebra with bijective antipode S.

Lemma 1.3. If VW € BYD then VoW € £YD and V@ W € BEYD with
h(v®@w) = hayw ® hgw,  6(v®w) = v_yw-1) & (Vo) @ W)
forallhe HyveV,weW.

As a consequence, Yetter-Drinfeld modules over H form a monoidal category with
morphisms being linear maps f : V — W which are H-module and H-comodule
maps.

Proposition 1.4. For any V,W € YD, the map cyw : VW - WV,
CV,[/V(U ® w) = v(,l)w & U(o)
for allv € V,w e W, is an isomorphism in LYD, called the braiding. The inverse
map s given by
(W ® ) = v(0) @ S H vy
Yetter-Drinfeld modules with their braiding form an important example of a
braided monoidal category.

Finite-dimensional Yetter-Drinfeld modules admit natural duals. Indeed, if V €
HYD is finite-dimensional, then the dual vector space V* is in YD via

(hf)(w) = F(SR)v),  fenyfoy(w) =S (v f(v)
foralhe H, feV*, veV.
There are several functors relating different categories of Yetter-Drinfeld modules.
For us, the interchange of module and comodule structures will be crucial. The
situation is most convenient if H is finite-dimensional.
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Lemma 1.5. Let V € 2YD. If H is finite-dimensional, then there is a unique
Yetter-Drinfeld structure on V' over H*°PP with

fo=floen)ve, v =vyg(h)vg
forall f € H*, h € H, v € V, where 6(v) = v_1) ® v is the H-coaction and
0'(v) = vj_1) ® vy is the H* “P-coaction of V.

Remark 1.6. Typically, we will write Q(V') for V with the Yetter-Drinfeld structure
over H*°PP,

With the definition, the H-comodule structure of V' is turned into an H*°P-module
structure, and the H-module structure into an H*“P-comodule structure. The two
Yetter-Drinfeld structures of V' are equivalent in the sense that any one is obtained
from the other. In mathematical terms: €2 is a braided monoidal isomorphism of
categories. (Compatibilities with morphisms, tensor products, and with the braiding
are available.)

If H is not finite-dimensional, then one has to deal with a dual pair (H, H') of
Hopf algebras (where H' plays the role of H*°P®P) and one has to restrict himself
to rational modules in order to preserve the equivalence.

The theory uses an even more general form of the equivalence €2, where H is
replaced by a braided Hopf algebra.

2. NICHOLS SYSTEMS

The aim of this section is to introduce Nichols systems. This is our fundamental
notion for the study of Nichols algebras of semi-simple Yetter-Drinfeld modules.

First we define braided Hopf algebras — here only Hopf algebras in the category
of Yetter-Drinfeld modules.

Lemma 2.1. Let (D, Ap,ep) and (D', Ap,ep) be coalgebras in EYD, that is coal-
gebras, such that D, D' € TYD and Ap, Apr,ep,ep are morphisms in 2YD. Then
D ® D' is a coalgebra in EYD with comultiplication

A= (idp ® cpp ®idp ) (Ap @ Apr).

Definition 2.2. A tuple (S, u,n, A, e, S) is a Hopf algebra in ZYD with a Yetter-
Drinfeld module S, multiplication pu, unit 7, comultiplication A, counit €, antipode

S, if all these maps are morphisms in YD, and the usual Hopf algebra axioms are
fulfilled.



Note that Ag = A is an algebra map if and only if Agu = (4 ® p1)Aggs. Thus the
braiding of S is part of the definition of a Hopf algebra in #YD. If H =k, then a
Hopf algebra in YD is an ordinary Hopf algebra.

We will need N-gradings, § € N, of Yetter-Drinfeld modules and of braided Hopf
algebras. From the general perspective, often one can work with any abelian monoid
rather than with NJ.

Definition 2.3. Let I' be an abelian monoid. A Yetter-Drinfeld module V' € gyp

is I'-graded, if
V=PVvH)

vell

for some subobjects V(v) € #YD. A morphism f : V — W between I'-graded
Yetter-Drinfeld modules V, W is graded if

fV() €W)
for all v € I'.

If V,W € BYD are I'-graded, then V @ W is ['-graded by
VeW) = vie)ewn”

¥+ =y
for all v € I'. Then the braiding cy : VOW — W&V of I'-graded Yetter-Drinfeld
modules is a graded morphism.

Definition 2.4. Let " be an abelian monoid. A Hopf algebra S € #YD is I'-graded,
if S € BYD is I'-graded and if all morphisms p, 7, A, &, S are graded.

Let 0 € Nand I = {1,2,...,0}. We write F for the category of families
M = (M,..., M),

where M, € gyD is finite-dimensional for each ¢ € I. A morphism f : M — N in
Fiis a tuple f = (f1,..., fy), where f; : M; — N; is a morphism in YD for all
1€ L.

In the most interesting cases, all coordinates M; of our M € .7-"9H will be irre-
ducible (i. e. non-zero and have no non-trivial Yetter-Drinfeld submodule), but for
some constructions this assumption is not needed.

Let (oy)icr denote the standard basis of Z°.
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Definition 2.5. Let S be a Hopf algebra in YD, Ny, ..., Ny be finite-dimensional
subobjects of S in £YD, and N = (Ny,..., Ny). Let
= (fj)jeH N = M
be an isomorphism of tuples in .7-"9H for some M € ]-"QH. The triple N' = N (S, N, f)
is called a pre-Nichols system of M if
(Sysl) S is generated as an algebra by Ny, ..., Ny, and
(Sys2) S is an Ni-graded Hopf algebra in YD with deg(N;) = «; for all j € L.

Note that M seems to play a minor role in the above definition. The importance of
M will turn out later, when out of one we construct infinitely many new pre-Nichols

systems and relate them to each other.
Let N = N (S, N, f) be a pre-Nichols system of a tuple M € Ff. Then S(0) = kl

and 2321 N; = @?:1 N; by (Sysl) and (Sys2). By a general result, the antipode of
S is bijective. We will use the notation

N;j=N;, 1<j<6.
Definition 2.6. Let M € #YD be finite-dimensional (that is, M € F{) and
N(S,N, f) a pre-Nichols system of M. Then S is called a pre-Nichols algebra

of M. A pre-Nichols algebra S of M is a Nichols algebra of M, if all primitive
elements of S are in S(1).

Remark 2.7. Up to isomorphism there is only one Nichols algebra of M. We write
B(M) for it. For any pre-Nichols algebra S of M and any isomorphism f : S(1) — M
there is a unique surjection S — B(M) which is f on S(1).

It is a general (usually very hard) problem to decide whether B(M) is finite-
dimensional and to give a presentation of it by generators and relations.
Let A= N(S, N, f) be a pre-Nichols system of a tuple M € F}/. We write

VS — B(M)
for the surjective map of Ni-graded Hopf algebras in £YD which is defined by
fi+N; = M; C B(M) on Ny, j € I. It is called the canonical map of N.
For the definition of a Nichols system we need the braided adjoint action.
Definition 2.8. Let S be a Hopf algebra in gyD. The morphism
adsg = u(p® S)(ids ® cs ) (A®idg) : S®S — S
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is called the braided adjoint action.
If S is a Hopf algebra, then ads(z ® y) = 21)yS(z(9)) for all z,y € S.

Definition 2.9. Let M € F, and N' = N(S, N, f) a pre-Nichols system of M. Let
i € I. Then N is called a Nichols system of (M, i), if p"¥ defines bijective maps

(Sys3) k[IV;] = B(M;), and
(Sys4) (adsN;)"(N;) = (adgaryM;)" (M;) for all j € I'\ {i} and n > 0.
Note that Ny = N(B(M), M,id) is a Nichols system of (M, i) with canonical map
p/\/o = idB(M).

3. REFLECTIONS OF NICHOLS SYSTEMS

Definition 3.1. Let A be a Hopf algebra in £YD. A Hopf algebra triple over
A is a triple (S, m,7), where 7 : S — A, v: A — S are Hopf algebra morphisms in
HYD such that my = id4. The elements of the subalgebra

Sl =fse S| (i[dom)A(s) =s®1}

of S are called the right coinvariants.

Similarly, one defines the subalgebra ©4S of left coinvariants.
Hopf algebra triples are important because of the bosonization:
S22 §OAKA,
and S°4 is a braided Hopf algebra in ﬁig)ﬂ). Here, # means tensor product with

a special multiplication and comultiplication, depending only on structures of S¢4
and A. (Notice that even if S and A are ordinary Hopf algebras, S°°4 is a braided
Hopf algebra. This is the main reason, why our generality is necessary.)

The advantage of pre-Nichols systems is that they admit many natural Hopf al-
gebra triples.

Definition 3.2. Let i € I, M € F}, and let m; : B(M) — B(M;) be the Hopf
algebra projection defined by the projection @?:1 M; — M; in BYD.
Let N'= N (S, N, f) be a pre-Nichols system of M. We write
VS s KN, AN Kk[N]— S
for the canonical Ni-graded maps which are the identity on N;. Moreover, let

KZJ\/ _ Sco]k[Nl-], L{\/' _ co]k[Ni]S

Y



where the left and right coinvariant elements are defined with respect to 7.

Remark 3.3. Let i € Tand let N' = N (S, N, f) be a pre-Nichols system of M. Then
(S, 7V, 4N) is a Hopf algebra triple over k[V;].

In order to define reflections of Nichols systems, one needs an additional finiteness
assumption.

Definition 3.4. Let i € T and N € F}/. We say that N is i-finite, if for each

g € I'\ {i} there exists m > 0 with (ad N;)™(N;) = 0 in B(N). In this case, let
al =2, a =—max{m >0/ (ad N;)™(N;) # 0}

i1 ]

for j # i, and s € Aut(Z’) the reflection with

s () = aj — afjal

for all j # 4. If N is i-finite, then the tuple R;(N) € FI with
- —al
Ri(N)i = Ni,  Ri(N); = (ad Ni)~" (N;)
for j # i is called the i-th reflection of N.
Note that sV (c;) = —q; in the above definition.

Definition 3.5. Let M € F, i €1, and let N' = N(S, N, f) be a Nichols system
of (M, 7). Assume that M; is irreducible for all j # i and that M is i-finite. Let

N=(N,....Ng), f=(fr,....Ja), Ri(N)=NI(S,N,J),
where S = Q(KN)#B(M?) is the bosomzatlon of the Hopf algebras Q(K) and
B(M?), N; = M, N; = (ad ;)™ (N) for j # i, f; is the identity on M}, and

fi: Nj — R;(M); for j € T\ {i} is the isomorphism induced by p". The triple
R;(N) is called the i-th reflection of N .

The name reflection is justified partially by the following.

Proposition 3.6. Let i € 1 and M € F} such that M; is irreducible in £YD for
all j € T\ {i}. Assume that M is i-finite. Let N' be a Nichols system of (M,1).
Then R;(N) is a Nichols system of (R;(M),1). Moreover,

(1) Ri(M); is irreducible in 2YD for all j € I\ {i} and R;(M) is i-finite,

(2) aii(M) = af‘f for all 7 €1, and

(3) M and R;(R;(M)) are isomorphic FJ .



Interestingly, Nichols systems and their reflections are very closely related in many
respects.

Proposition 3.7. Let i € 1 and M € F} such that M; is irreducible in £YD for
all j € T\ {i}. Assume that M is i-finite. Then for any Nichols system N of (M, 1)
there 1s a unique algebra isomorphism

TN LY o kY
in 3 YD such that for all j € T\ {i}, 0 <n < —a}y,

V(S5 W) = —v.
This TN restricts to an isomorphism

LY (@) = KN (5PN (a))
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and y € (adgMi*)"(Nj);

for all a € N§.

4. RIGHT COIDEAL SUBALGEBRAS

Definition 4.1. A right coideal subalgebra C' of a Hopf algebra S € ZYD is a
subalgebra in YD such that A(C) C C ® S.

Generally, if C' is a right coideal subalgebra of S in YD, then C ® H is a right
coideal subalgebra of S#H containing H, but the converse is usually false.
Now we look at the compatibility of right coideal subalgebras with reflections.

Definition 4.2. For any M € F#, i € I, and for any Nichols system N =
N(S,N, f) of (M,i) we define

(M
K(N)={E | E C S Nj-graded right coideal subalgebra in #yD},
KfN)={E| E € KWN), N; € E},
KiWN)={E|EecKWN),N; L E}.
Let N = N(S, N, f) be a Nichols system of some (M,i) with M € F}! and M;

irreducible. Then for an Nj-graded right coideal subalgebra E of S, either N; C E
or EC LV,

Theorem 4.3. Let M € F}?, i € 1, and let N be a Nichols system of (M,i). Assume
that M is i-finite, and that M; is irreducible in YD for all j € 1.



(1) The map
N KT (Ri(N)) = KF(N),  E— TN(E)KN],

is bijective with inverse given by E — (TN)"Y(E N KN).
(2) The multiplication map TN (E) @ k[N;] — TN (E)K[N;] is bijective for all E €
K (R; (N))
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This theorem is the main ingredient towards a general construction of right coideal
subalgebras. Indeed, let S be a finite-dimensional Nichols algebra in ZYD and let
E # k1 be a right coideal subalgebra of S. Then E contains a non-zero primitive
element, that is, a non-zero subspace of S(1). Now the only thing to do is to find
a context for S and E such that Theorem 4.3 applies. Then E' = (t))"Y(E) is a
right coideal subalgebra of another braided Hopf algebra, and dim(E’") < dim(FE).
By induction, E can be constructed using a finite sequence of reflections. Moreover,
this procedure also gives a nice decomposition of E.

In fact, this idea applies not only to finite-dimensional Nichols algebras. However,
the context has to be chosen carefully. Next we will specify the necessary notions:
Tensor decompositions and Cartan graphs.

5. TENSOR DECOMPOSITIONS

Let us specify the idea from the previous section to decompose right coideal sub-
algebras.

Definition 5.1. Let V be an Nf graded object in #YD. We say that V is tensor
decomposable if there exist n € Ny, irreducible objects Q1,...,Q, € ZYD and
pairwise distinct elements 3, ..., 8, € N such that

V= B(Q1)®@B(Q2) @@ B(Qn)
as Nf-graded objects in YD with deg(Q;) = 3; for all 1 <i < n.

There exist more general notions of tensor decomposability, but for this course
(and also for the book) the above definition is sufficient.

We will be interested in tensor decomposable Nichols algebras and right coideal
subalgebras. Our aim is to provide more details on the data implementing a tensor
decomposition. In important cases, for example if S is a finite-dimensional Nichols
algebra in YD of a semi-simple Yetter-Drinfeld module, then S and all its right
coideal subalgebras will be tensor decomposable.
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In general, the existence of a tensor decomposition of an Ng—graded object in YD
is not guaranteed. However, a direct consequence of the theorem of Krull-Remak-
Schmidt implies uniqueness of the tensor decomposition up to isomorphism. In
particular, the number n and the set {f, ..., ,} are uniquely determined.

6. CARTAN GRAPHS

We start with a purely combinatorial structure and then we discuss when a pre-
Nichols system has a canonical Cartan graph.

For a finite set I, let (o;);c; be the standard basis of Z! = {f : I — Z}. Recall
that a Cartan matrix is an integer valued matrix C' with ¢;; = 2 for all 4, ¢;; < 0 for
all 2 # j, and such that ¢;; = 0 if and only if ¢j; = 0.

Definition 6.1. Let I be a non-empty finite set (the labels), X a non-empty set
(the points), and 7 : I x X - X, A: [ x [ x X — Z maps. We write

ri(X)=r(i,X) € X, aj =A(i,j,X)€Z, A" = (ap))pser € Z'!
for all i,7 € I, X € X. We say that G = G(I, X, r, A) is a semi-Cartan graph if
for all X € X, A¥ is a Cartan matrix, and

(CG1) for alli € I, r?(X) = X, and

(CG2) for all4,j € I and X € X, a;; = a;}(X). (AX and A"X) have the same i-th

row.)

The cardinality of I is the rank of G. For all i € [ and X € X let s € Aut(Z!)
with

X

for all j € I. This is a reflection of Z/.

X

si () = oy — ajjoy

One possible interpretation of a semi-Cartan graph is that for each point X one
has a Cartan matrix A%, and for each label i € I, an i-neighbor r;(X) of X, such
that (CG1) and (CG2) hold.

It is easy to write down semi-Cartan graphs with few points. In general, the
Cartan matrices in different points do not coincide.

If there is only one point, then a semi-Cartan graph is the same as a Cartan
matrix. In Lie theory, there is a Weyl group and a set of real roots attached to a
Cartan matrix. Semi-Cartan graphs have a Weyl groupoid and real roots, and if the
structure of real roots is good, we talk about a Cartan graph.
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Definition 6.2. For a set X and a finite set I, let D(X,I) be the category with
objects the elements of X such that

Hom(X,Y) = {(X, f,Y) € X x End(Z') x X}

and (X, f,Y)o (Y,9,2) = (X, fg,Z) for all X|Y,Z € X, f,g € End(Z").

For a semi-Cartan graph G = G(I, X, r,a) let W(G) be the smallest subcategory
of D(X,I) containing all objects from X and all morphisms (r;(X), sX, X) with
XeX iel.

By abuse of notation we also write s for the morphism (r;(X), sX, X) in W(G).

By (CG1) and (CG2), S?(X)SX = idy for all X € & and ¢ € I. Thus the category

WI(G) is a groupoid (i.e. all morphisms are isomorphisms).

Definition 6.3. Let G = G(I, X', r, A) be a semi-Cartan graph. For all X € X, the
set
AY = {w(q,) € Z' | w € Homyyg) (Y, X),Y € X,i € I}
is called the set of real roots of G at X. The real roots «;, i € I, are called
simple. Real roots in NJ are called positive, those in —NJ negative.
The semi-Cartan graph G is finite, if A% is finite for all X € X.
For all X € X and 7,7 € I let

m;; = |A* N (Nooy + Noaj)|
The semi-Cartan graph G is a Cartan graph, if

(CG3) for all X € X, AX™ consists only of positive and negative roots, and
(CG4) for all X € X, 4,5 € I with m;% < oo, (rir))™s (X) = X.

So far, there exists a classification of all finite Cartan graphs, but only by a com-
puter calculation. Finite Cartan graphs are closely related to simplicial arrange-
ments. Rank two Cartan graphs can be described naturally via triangulations of
regular n-gons.

Morphisms in W(G) for a Cartan graph G are products of simple reflections s.
They admit a theory very similar to the theory of Coxeter groups. In particular,
for any point of a finite Cartan graph there is a unique longest morphism ending in
that point.

We introduce two other axioms, which arise in the study of right coideal subalge-
bras.
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Definition 6.4. Let G(I,X,r, A) be a semi-Cartan graph, X € X, [ > 0, and
k= (i1,...,7) € I".
(1) Forall 1 <k <[ let

I;X’H - idXSh TS (aik)'

Let AX(r) = {BF |1 < k <1}
(2) We say that  is X-reduced, if for all 1 < k <1, a;, & A" ") (5,10 ).

A sequence k € I' is X-reduced if and only if 6]‘5(”’” =+ —BEJX”‘ forany 1 <p<q<I.
Thus, any sequence in I! is X-reduced, and a sequence in I? is X-reduced if and
only if it is not constant. For any semi-Cartan graph G(I, X,r, A) and any X € X,
i,7 €1, let m;}]{- be the largest positive integer m such that the sequence (i, 5,1, j,...)

of length m is X-reduced. If such an m doesn’t exist, let mfj.

= 0.
Proposition 6.5. A semi-Cartan graph G(I,X,r, A) is Cartan if and only if it
satisfies the following axioms.

(CG3’) For any X € X and any X -reduced sequence k, A~ (k) C NI

(CG4’) For any X € X and i,j € I withi+# j and mfj < oo we have
(rir) ™ (X) = X, idx(sis;)™ () = a
for allk e I\ {i,j}.
In this case,
A NNf = | A¥(r)
K X -reduced

andmi?:mfj{farallXEX and 1,75 € I.

7. THE SEMI-CARTAN GRAPH OF A NICHOLS ALGEBRA
Definition 7.1. Let M € }—QH such that M; is irreducible for all j € I. Let | € Ny
and 7, ...,4 € I. Let N be a pre-Nichols system of M.

(1) We say that M admits the reflection sequence (iy,...,7) if { =0 or if M
is 71-finite and R;, (M) admits the reflection sequence (is, ..., 7).

(2) We say that N' admits the reflection sequence (i, ...,4) if | =0 or if N/
is a Nichols system of (M, 1), M is i;-finite, and R;, (N') admits the reflection
sequence (ig, ..., 7).
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(3) We say that M admits all reflections if M admits all reflection sequences
(jl,...,jk) with £ € Ny and j1,...,5r € L.

(4) We say that N' admits all reflections if AV admits all reflection sequences
(ji, ..., jr) with k € Ny and j1,...,j, € L.

(5) Assume that M admits all reflections. Let

Fy' (M) = {R;, (- R, (M)) | k € No, ju, ... jin € I}

Theorem 7.2. Let M € F}! such that M; is irreducible for all j € 1. Assume that
M admits all reflections. Let X = {[P] | P € FX(M)}, and let r : T x X — X,
(¢, [P]) — [R;(P)]. Then

G(M) = G(I, X, 7, (A" xex),
where APl = (af;)ijer for all [P] € X, is a semi-Cartan graph.

Definition 7.3. Let M € FF such that M; is irreducible for all j € I. Assume
that M admits all reflections. We call G(M) the semi-Cartan graph of M, and
W(M) =W(G(M)) the Weyl groupoid of M. Often it will be more convenient to
say that G(M) is the semi-Cartan graph of B(M) and W(M) is the Weyl groupoid
of B(M).

There is a special case where M admits all reflections.

Proposition 7.4. Let M € FF such that M; is irreducible for all j € I. Assume that
B(M) is a finite-dimensional vector space over k. Then M admits all reflections,
and dim B(P) = dim B(M) for each P € F['(M).

8. THE COMBINATORICS OF RIGHT COIDEAL SUBALGEBRAS

In Theorem 4.3 we described a relationship between graded right coideal sub-
algebras of a Nichols system and its reflection, respectively. Now we are able to
formulate an iterated version of this relationship.

Definition 8.1. Let M € F}! such that M; is irreducible in YD for all i € 1. Let
N = N(S,N, f) be a pre-Nichols system of M. Let | € Ny and let iy,...,4 € L
Assume that N admits the reflection sequence (i1, . ..,%;). Let

RyN)=N, LY =8, T)=ids, Kj(N)=KWN), &} =idew)
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and for any 1 < k& <[ define inductively

Riy,.igWN) = R (- - Ry, (N)),
N - Ry i) N) -1 Ry, W) N
L(Zd ----- in) (TZk ’ ) (sz ’ A L(zl ..... ikl))v
N _ N R (V) Ry iy pWN) 2 A
TG, . =1 T, T, o P LG,y S

and

Koo (R g V) =
Ril ..... i1 (N) -1 _
(e ) (K R i o) O (R 9 VD)),
R11L 1 (W) —
y= g Nk (R (W) = K.

t Uk (7’1 7777

Theorem 8.2. Let M € ]:9H such that M; 1s irreducible in gyD for all j € 1.
Assume that M admits all reflections. Let N = N(S, N, f) be a pre-Nichols system
of M. Letl > 1 and iy,...,4 € 1. Assume that (iy,... 1) is [M]-reduced in the
semi-Cartan graph G(M) and that N admits the reflection sequence (i1, ... ,14;). For
any 1 <k <1, let By = idjysi, - - Si, . (cv,).

(1) Bi,..., B are pairwise distinct non-zero elements of Nj.
(2) For any 1 S k S l, R(ila---;ik—l)(‘/\/’)ik g LN . Let

(Zl ..... ik—l)

Nﬁk - Nlé\[(ilu s 7il) = T(jz\f ..... ik,l)(R(il ----- ik—1)(N)ik)'

subobject in BYD of degree Bj,.

(5) Forany 1 < k <, the identity on Ng, induces a graded isomorphism B(Ng,) =
k[Ns,] C S of N§-graded algebras in EYD.

(6) The multiplication map k[ N3 ]®- - -@Kk[Ng,] — EN (i1, ... ,4;) is an isomorphism
of N§-graded objects in EYD.

(7) Let EBOM 3y, .. i) = ENo(iy, ..., 4;) with Ny = N(B(M), M,id). The canon-
ical map p" : S — B(M) in BYD induces an isomorphism

ENGiy, .. i) — EBM iy, ).

In particular, all right coideal subalgebras E (i1, ..., 4;) in the Theorem are tensor

decomposable, and precise information on the tensor decomposition is available.
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Corollary 8.3. Let M € FJ' such that M; is irreducible in YD for all j € 1 and
M admits all reflections. Then G(M) is a Cartan graph.

Note that (CG3)’ follows directly from the above theorem. The proof of (CG4)’
needs a bit more effort.

Corollary 8.4. Let M € F such that M; is irreducible in 2YD for all j € 1. Let
[ >1andiy,..., i € 1. Assume that M admits all reflections and that k = (i1, ... ,4;)
is [M)-reduced in the semi-Cartan graph G(M). If oy € AM(k) for all i € 1, then
the following hold.
(1) EBM)(4y, ... 4)) = B(M).
(2) For any pre-Nichols system N = N(S,N, f) of M admitting the reflection
sequence k, the map pV : S — B(M) is bijective.

Corollary 8.5. Let M € .7-"9H such that M; is irreducible in BYD forall j € I. The
following are equivalent.
(1) B(M) is finite-dimensional
(2) M admits all reflections and
(a) G(M) is finite, and
(b) B(P,) is finite-dimensional for all P € F (M) and i € 1.

The latter corollary is the starting point of the classification of finite-dimensional
Nichols algebras of semisimple Yetter-Drinfeld modules over finite groups.

Finally, we can give a description of right coideal subalgebras of finite-dimensional
Nichols algebras of semi-simple Yetter-Drinfeld modules.

Corollary 8.6. Let M € F} such that M; is irreducible in 2YD for all j € 1.
Assume that M admits all reflections, and that G(M) is finite. For all P € FF (M),
the map

EB®) - Hom(W(M), [P]) — K(B(P)), w > EBE)(w),
is bijective, where EBY)(w) = EBP) (k) for any reduced decomposition r of w,

In fact, there is a natural ordering (the Duflo or weak order) on Hom(W (M), [P]),
such that the bijection in the Corollary is compatible with the inclusion on IC(B(P))
and with this ordering on Hom(W (M), [P]).
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9. APPLICATIONS TO HOPF ALGEBRAS

The following problems have accessible proofs based on the presented methods.

(1) Theorem of Angiono: All finite-dimensional pointed complex Hopf algebras
with abelian coradical are generated by skew-primitive elements.

(2) Classification of finite-dimensional coradically graded pointed complex Hopf
algebras with abelian coradical

(3) Classification of finite-dimensional Nichols algebras over finite groups (under
some technical restrictions to exclude the Nichols algebras of ireducible Yetter-
Drinfeld modules)

(4) Quantum groups of finite type for non-roots of unity are Drinfeld doubles of
Nichols algebras.

(5) Small quantum groups of finite type are Drinfeld doubles of Nichols algebras
under some extra assumption on g. (We say: the braiding matrix is genuinely
of Cartan type.) The latter is needed because in some cases the Nichols
algebras have extra relations. The root vector relations of the small quantum
groups can be obtained by the introduction of root vector sequences based on
sequences of right coideal subalgebras. Such root vector sequences are then
unique up to scalar multiples, and do not depend on ad hoc constructions.



